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We propose a novel way of matching effective field theory with the underlying QCD in the sense 
of a Wilsonian renormalization group equation (RGE). We derive Wilsonian matching conditions 
between current correlators obtained by the operator product expansion in QCD and those by the 
hidden local symmetry (HLS) model. This determines without much ambiguity the bare parameters 
of the HLS at the cutoff scale in terms of the QCD parameters. Physical quantities for the n and p 
system are calculated by the Wilsonian RGE's from the bare parameters in remarkable agreement 
with the experiment. 



I. INTRODUCTION 

Recently the concept of the Wilsonian renormalization 
group equation (RGE) has become fashionable in the 
context of matching effective field theories (EFT's) with 
underlying gauge theories to study the phase structure 
of supersymmetric (SUSY) gauge theories [|l[. However, 
no attempt has been made to match the EFT with the 
underlying (non-SUSY) QCD in the sense of a Wilsonian 
RGE which now includes quadratic divergences in addi- 
tion to the logarithmic ones in the RGE flow of the EFT. 
It would be reasonable to consider the effective theory 
under an ordinary RGE with just a logarithmic diver- 
gence in the situation where spontaneous chiral symme- 
try breaking is always granted from the beginning as in 
QCD with the number of almost massless flavors being 
Nf — 3. Actually, the logarithmic RGE is blind about 
the change of phase. 

In a previous paper |^ we actually demonstrated that 
the inclusion of a quadratic divergence in the Wilso- 
nian sense in the EFT does give rise to chiral symme- 
try restoration by its own dynamics for large Nf under 
certain conditions, based on the Hidden Local Symme- 
try (HLS) Lagrangian |^,Q which successfully incorpo- 
rates p and its flavor partners in the chiral Lagrangian. 
Chiral symmetry restoration for large Nf QCD is a no- 
table phenomenon observed by various methods such as 
lattice simulations |q| , the Schwinger-Dyson equation ap- 
proach Iq], the dispersion relation Ul, instanton calcula- 
tions 1^, etc. 

In this paper, we shall propose a novel way of matching 
the EFT with the underlying QCD with Nf = 3 in the 
sense of a Wilsonian RGE, namely, including quadratic 
divergences in the EFT ( "Wilsonian matching" ) . By this 
we demonstrate that inclusion of the quadratic diver- 
gence is important even for phenomenology in the Nf = 3 
QCD. The basic tool of Wilsonian matching is the Opera- 
tor Product Expansion (OPE) of QCD for the axialvector 
and vector current correlators, which are equated with 
those from the EFT at the matching scale A. This de- 
termines without much ambiguity the bare parameters of 
the EFT defined at the scale A in terms of the QCD pa- 



rameters. Physical quantities for the tt and p system are 
calculated by the Wilsonian RGE's from the bare param- 
eters in remarkable agreement with experiment. 



II. HIDDEN LOCAL SYMMETRY 



Let us first describe the EFT, the HLS model based 
on the Ggiobai x ^locai symmetry, where G = SU (Nf)-^ x 
SlJ{Nf)-^ is the global chiral symmetry and H — 
SlJ{Nf)y is the HLS. (The flavor symmetry is given by 
the diagonal sum of Ggiobai and -ffiocai-) The basic quan- 
tities are the gauge boson p^ of the HLS and two SU(A^/)- 
matrix- valued variables ^l and ^r. They transform as 



Cl,r(2;) -^ Cl,r(2^) 



hix)iLM^)gl^R 



(2.1) 



where h{x) g i^iocai and (7l,r € Ggiobai- These variables 
are parametrized as 



a,R = e*'^/^" 



,Ti^/F„ 



(2.2) 



where n = TT"Ta denotes the Nambu-Goldstone (NG) 
bosons associated with the spontaneous breaking of G 
chiral symmetry and cr = uTa the NG bosons absorbed 
into the gauge bosons. F^ and F^ are relevant decay 
constants, and the parameter a is defined as 



F^/F^ 



(2.3) 



Here tt denotes the pseudoscalar NG bosons associated 
with the chiral SU(iV/)^ x SU(A''/)^ symmetry and p 
the HLS gauge bosons even though we fix Nf = 3. The 
covariant derivatives of ^l,r are defined by 



-D^^L = d^^L - igPfi^L + i^hC^ 



(2.4) 



R, £,; 



and similarly with the replacement L <- 
where g is the HLS gauge coupling. C^ 
the external gauge fields gauging the Ggiobai symmetry. 
The HLS Lagrangian is given by p 



and TZp, denote 



C = F2 tr [a±^a'[] + F^ tr 



+ £kin(PM). (2-5) 



where £kin(P/i) denotes the kinetic term of p^ and 

a^l = [d^^i^ ■ Sl T ^mCr • 4) /(20 • (2.6) 



III. RENORMALIZATION GROUP EQUATIONS 
IN THE WILSONIAN SENSE 

In Ref. ly] the quadratic divergence was identified with 
the presence of poles of ultraviolet origin at n = 2 in the 
dimensional regularization Jb| . The resultant RGE's for 
F^, a and g^ are given by Q] 

M^ = C[3aV^.' + 2(2-a)M^] , 






3a(a + l)g2-(3a-l)^ 



d/x 6 



(3.1) 



where C — A^y/[2(47r)^] and /i is the renormalization 
scale. We note here that the above RGE's agree with 
those obtained in Ref. [O when we neglect quadratic di- 
vergences. A detailed derivation of the above RGE's is 
given in Appendixes H and O 



In addition to the leading-order terms (2.5) we need to 
include the 0{p^) higher derivative terms in the present 
analysis (see Appendix H). The relevant terms are given 

by[0 



zitr 



where 



'v^uV''"' 


+ Z2tl 


•^/J,!^-^ 


+ gzstr 


V^^.P^"' 



(3.2) 






(3.3) 



with TZfj^i, and £^^ being the field strengths of 7?.^ and 
Cfj,. Here p^„ is the gauge field strength of the HLS 
gauge boson. Since there are no quadratically divergent 
corrections to the parameters zi, Z2 and 23, we calcu- 
late the RGE's from the logarithmic divergences listed in 
Ref. fO: 



Nf 5 -4a 



dzi 
'''dp ~ Ji^y 24 

dz3 Nf l-f 2a 



N 



dZ9 



dp (47r)2 12 ' 



/ 



M 



dp {Any 



12 



(3.4) 



IV. WILSONIAN MATCHING 

Now we propose a Wilsonian matching of the EFT with 
the underlying QCD: We determine the bare parameters 
as boundary values of the Wilsonian RGE's ( ^ ) and 
( |3.4| ) including quadratic divergences by matching the 
HLS with the OPE in QCD at the matching scale A. 

Let us look at axialvector and vector current corre- 
lators. They are well described by the tree contribu- 
tions with including 0{p'^) terms when the momentum 
is around the matching scale, Q^ ~ A^. The resultant 
expressions of the correlators are given by 



H 



(HLS) 



iQ' 






2z2(A) 



^(HLS)^^2^ 



\Q') 



F,2(A)[l-2.g2(A)z3(A)] 
Af2(A) + g2 



where we defined 



M„^(A)^5'(A)F,^(A). 



- 2zi(A) , 

(4.1) 

(4.2) 



The same correlators are evaluated by the OPE up until 
0(1/Q6) p: 



n 



(QCD) 



m 



1 

8^ 



■K 



In 



p^ 



TT^^G^.G^'') 7:^U08a,{qqy 



n 



3 Q4 

(QCD) ^^2 



V 



'iQ') 



1 

8^ 



3 27 

1 + — 1 In 

IT 



91 

p^ 



^2(^G^,G^-) ^sggg^^^^^^: 



Q' 



3 27 Q6 



(4.3) 



where p is the renormalization scale of QCD. 
We require that current correlators in the 



HLS 



Eq. ( |4.l| ) can be matched with those in QCD in Eq. ([1.3|). 



Note that both H^ and Hy explicitly depend 

on p |13[. However, the difference between two correla- 
tors has no explicit dependence on p um . Thus our first 
Wilsonian matching condition is given by 



F^{A) F2(A)[l-2.g2(A)z3(A)] 



A2 



327r as {qq 
~9 A6~ 



A2 

2 



M2(A) 



2[z2(A)-zi(A)] 



(4.4) 



We also require that the first derivative of H^ 
r(QCD) 



(HLS) 



Eq. (U) match that of H^^"""^^ in Eq. (^, and similarly 



for Hy 's. This requirement gives two Wilsonian matching 
conditions 



A2 



1 

8^ 



1 + ^ 

IT 



2^^^G^,G^^-) 3l408a,(g-g)' 



3 A4 27 A6 

F,2(A)AMl-2g2(A)z3(A)] ^ 1 
A2 (A2 + M2(A))^ 87r2 

^2^2^^G^^X?^ 3 896«.(gq) 

+ — :; — TT 



(4.5) 



1 + ^ 

■K 



A* 



27 A6 



(4.6) 



The above three equations (4.4)-(4.6) are the Wilso- 
nian matching conditions, which we propose in this pa- 
per. 



The right-hand sides in Eqs. (44)-(4^) are directly 
determined from QCD. First note that the matching scale 
A must be smaller than the mass of the ai meson which 
is not included in our effective theory, whereas A has to 
be big enough for the OPE to be valid. Here we use 



A ==1.1, 1.2 GeV 



(4.7) 



To determine the current correlators from the OPE we 
use 



— G^^G""'\ =0.012 GeV* 
(99)iGcV = -(0-25GeV)^ , 
shown in Ref. [n2| and 

Aqcd = 350 ,400MeV 



(4.8) 



(4.9) 



as typical values. We use one-loop running to estimate 
as{K) and (qq)^. 



V. DETERMINATION OF THE BARE 
PARAMETES OF THE HLS LAGRANGIAN 

Then the bare parameters F^(A), a(A), (7(A), z^{K) 
and Z2 (A) — zi (A) can be determined through the Wilso- 
nian matching conditions. Actually, the Wilsonian 



matching conditions in Eqs. (4.4)-(4.6) are not enough to 
determine all the relevant bare parameters. We therefore 
use the on-shell pion decay constant F^(0) = SSMeV 
in the chiral limit |n5[ and the p mass uip — 770 MeV 
as inputs. The mass of p is determined by the on-shell 
condition 



™p = a{mp)g^{mp)F^{mp) 



(5.1) 



Below the nip scale, p decouples and hence F^ runs by the 
TT-loop effect alone. [Q Since the parameter FTr{p < nip) 
does not smoothly connect to FTr{p, > nip) at the nip 
scale, we need to include a finite renormalization effect 
(see Appendix y) 



F^-\7 



= Ki^p) 



Nf a{mp) 



(4^)2 



"'ml 



(5.2) 



rMl 



where Fjr (/i) runs by the loop effect of tt for /i < rrip. 

The resultant values of all the bare parameters of the 
HLS are shown in Table I together with those ai p — nip. 



M 


FAiA 


a{p) g{p) 


23 (m) 


Z2{p) - Zi{p) 


A 
nip 


0.149 
0.110 


1.19 
1.22 


3.69 
6.33 


-5.23x10-' 
-6.34x10"^ 


-1.03x10-^ 
-1.24x10"^ 



TABLE I. Five parameters of the HLS at /i = A and nip 
for Aqcd = 400 MeV and A = 1.1 GeV. The unit of F^ is 
GeV. 



VI. PREDICTIONS 

Now that we have completely specified the bare La- 
grangian, we can predict the following physical quantities 
by the Wilsonian RGE 's in cluding the quadratic diver- 
gences, Eqs. (|t]) and (^^. 

The p-7 mixing strength: 

The second term in Eq. ( |2.5| ) gives the mass mixing 
between p and the external field of 7. The third term in 
Eq. (3.2) gives the kinetic mixing. Combining these two 
at the on-shell of p leads to the p-7 mixing strength: 



9p = 9imp)F^{mp) [l - g^{nip)z3{mp)] 



(6.1) 



The Gasser-Leutwyler's parameter Liq p5| |: 
The relation between Lio and the parameters of the 
HLS at mp scale is given by ||ll| 



noinip) = - 
, zsinip) 



1 



4^2 (mp) 
Z2inip) + zi{nip) 



Nf lla(mp) 



96 



where the last term is the finite order correction from the 
p-TT loop contribution. 

The p-TT-TT coupling constant gpTr-n-' 

Strictly speaking, we have to include a higher deriva- 
tive type Z4 term listed in Ref. |11| (see Appendix H). 
However, a detailed analysis of the model jl^ does not 
require its existence p8| . Hence we neglect the Z4 t erm. 
If we simply read the p-n-n interaction from Eq. (2.5), we 
would obtain gpT^r = 5'('7^p)i^CT('7^p)/2i^2(^r7^p). However, 
gp^^ should be defined for on-shell p and tt's. While F^ 
and (72 do not run for p < mp, F^ does run. The on-shell 
pion decay constant is given by F^(0). Thus we have to 
use F^(0) to define the on-shell p-ir-Tr coupling constant. 
The resultant expression is given by 



QpTTTT 



gimp) F^(mp) 



2 Fm " 
The Gasser-Leutwyler parameter Lg |1^ 



(6.3) 



Similarly to the Z4-terin contribution to g'pTnr we ne- 
glect the contribution from the higher derivative type zq 
term |ll|. The resultant relation between Lg and the 
parameters of the HLS is given by |0] 



Lg{mp) 



1 



1 



4 Wimp) 



zaimp) 



(6.4) 



We further define the parameter a(0) by t he d irect 7- 
TT-TT interaction in the second term in Eq. (2^). This 
parameter for on-shell pions is given by 



a(0)- 



mo) 



(6.5) 



which should be compared with the parameter a used in 
the tree-level analysis, a — 2 corresponding to the vector 
meson dominance (VMD) ^j^. 

Then we predict the physical quantities as listed in 
Table II. The predicted values of t/p, gpT„r, Lg{mp) and 
Lio{mp) remarkably agree with experiment within 10%, 
although Lio(?7irt) is somewhat sensitive to the values of 
Aqcd and A [|l9|. Moreover, we have a(0) ~ 2, although 
a(A) ~ a(rnp) ~ 1. 



Aqcd 


A 


9p 


dpTVTV 


Lg{mp) 


Lio{mp) 


a(0) 


0.35 


1.10 
1.20 


0.112 
0.108 


6.17 
6.20 


7.61 
7.37 


-5.04 
-4.26 


1.99 
2.01 


0.40 


1.10 
1.20 


0.118 
0.114 


6.05 
6.12 


7.83 
7.67 


-6.14 
-5.36 


1.91 
1.96 


Exp. 


0.118±0.003 


6.04±0.04 


6.9±0.7 


-5.2±0.3 





TABLE II. Physical quantities predicted by the Wilso- 
nian matching conditions and the Wilsonian RGE's. The 
units of Aqcd and A are GeV, and that of gp is GeV^. 
Values of Lg{mp) and Lio(mp) are scaled by a factor of 
10^. Experimental values of gp and gpmr are derived from 
r(p -^ e+e") = (6.77 ± 0.32) keV and r(p° -^ tt+tv') = 
(150.8 ± 2.0) MeV jio), respectively. Those of Lg(mp) and 
L\o{mp) are taken from Ref. pM. 



Some comments are in order. 

The Wilsonian matching condition 



and the in- 



put values of F^ (0) and nip together with the Wilsonian 
RGE's determine FT,{mp), a{mp) and g{m p), a nd hence 



dpTTTT- The Wilsonian matching condition (4.6) with the 



above three parameters determine z^{mp)^ the value ac- 
tually needed |2^ to explain the experimental value of 
gp. The value of z^irrip) together with g{mp) deter mine s 
Lg(TOp). Finally, the Wilsonian matching condition (4.4) 
with the values of i^^(A), a (A), 5(A) and 2:3 (A) deter- 
mines Z2{mp) — zi{mp), which gives only a small correc- 
tion to Lio{mp). Although the tree level p contribution 
to iio(?7ip) is large, the finite p-i: loop correction cancels 
a part of it. The resultant value of Lio(mp) is close to 
experiment. 

The Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin 
(KSRF) (I) relation gp = 2£o^^^Hl holds as a low en- 
ergy theorem of the HLS [^,|0 25 1 . Here this is satisfied 



as follows: In the low energy limit higher derivative terms 
like Z3 do not contribute, and the p-j mixing strength be- 
comes gJO) = g('m,o)F^(ma). Comparing this with ^ptttt 
in Eq. (|6.3[) ||26| , we can easily read that the low energy 
theorem is satisfied. If we use the experimental values, 
the KSRF (I) relation is violated by about 10%. As dis- 
cussed above, this deviation is explained by the existence 
of the Z3 term. 

The KSRF (H) relation m^ = 2gl^^F^ Q is ap- 
proximately satisfied by the on-shell quantities even 
thou gh a {mp) ~ 1. This is seen as follows. Equa- 



tion ( |6.3| ) with Eq. ( |6.5| ) and m^ — g'^{mp)F^{mp) leads 



to 2gl^^F^{0) = m2(a(0)/2). Thus a(0) ~ 2 leads 
to the approximate KSRF (II) relation. Furthermore, 
a(0) ~ 2 implies that the direct 7-7r-7r coupling is sup- 
pressed (VMD). 

Inclusion of the quadratic divergences into the RGE's 
was essential in the present analysis. The RGE's with log- 
arithmic divergence alone would not he consistent with 
the matching to QCD. The bare parameter F^^iA) = 
158 MeV listed in Table I, which is derived by the match- 
ing condition (4.5), is about double of the physical value 
Ftt{0) = 88 MeV. The logarithmic running by the first 
term of Eq. (^J) is not enough to change the value 
of Ft^. Actually, the present procedure with logarith- 
mic running would lead to gp = 0.11 GeV^, gpT„T = 10, 
Lg{mp) = 13 X 10-3 and Lio(mp) = -^4.5 x lO'^. The 
latter three badly disagree with experiment [p7[. 



VII. DISCUSSION 

It is interesting to apply the Wilsonian matching pro- 
posed in this paper for an analysis of large Nf QCD 
done in Ref. [gj. There it was assumed that the ratio 
F^(A)/A^ has a small Nf dependence. As is easily read 
from Eq. (4.5), the Wilsonian matching condition implies 
that the ratio actually has a small Nf dependence. The 
analysis of the large Nf chiral restoration of QCD in this 
line will be done in a separate paper |2q| . 
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APPENDIX A: DERIVATIVE EXPANSION IN 
HLS 

In chiral perturbation theory (ChPT) ^^ the 
derivative expansion is systematically done by using the 
fact that the pseudoscalar meson masses are small com- 
pared with the chiral symmetry breaking scale A^. The 
chiral symmetry breaking scale is considered as the scale 
where the derivative expansion breaks down. From the 
naive dimensional analysis 



A^ is estimated as 



A, 



47rKr -- 1.1 GeV 



(Al) 



which also agrees with the matching scale ([4.7| ) used in 
the text. Since the p meson and its flavor partners are 
lighter than this scale, one may consider that a derivative 
expansion with including vector mesons is possible. Ac- 
tually, the first one-loop calculation based on this notion 
was done in Ref. ||l^. There it was shown that the low 
energy theorem of the HLS [g4| holds at one loop. This 
low energy theorem was proved to hold at any loop or- 
der in Ref. |2^]. Moreover, a systematic counting scheme 
in the framework of the HLS was proposed in Ref. [Q . 
A key point there was the fact that the vector meson 
masses in the HLS become small in the limit of the small 
HLS gauge coupling. It turns out that such a limit can 
actually be realized in QCD when the massless flavor Nf 
becomes large as was demonstrated in Refs. |0,p8l. Then 
one can perform the derivative expansion with including 
the vector mesons in the idealized world where the vec- 
tor meson masses are small and extrapolate the results 
to the world where the vector meson masses take the ex- 
perimental values. Although the expansion parameter is 
not very small, 



m' 



{'iTTF^y 



0.4 



(A2) 



that procedure seems to work in the real world. (See, 
e.g., the discussion in Ref. [^.) Here we apply such a 
systematic expansion to the realistic case Nf = 3. 

For the complete analysis at one loop, we need to in- 
clude the term having external scalar and pseudoscalar 
source fields S and P, as shown in Ref. ||ll|]. These are 
included through the external source field x defined by 



X 
X 



2B{S + iP) 



(A3) 
(A4) 



where i? is a constant parameter. If there is an explicit 
chiral symmetry breaking due to the current quark mass, 
it is introduced as the vacuum expectation value (VEV) 
of the external scalar source field: 



/ mi 



(5) =M 



\ 



■niNf / 



(A5) 



However, in the present paper, we work in the chiral limit, 
so that we take the VEV to zero. 

Now, let us summarize the countin g ru le of the present 
analysis. As in the ChPT in Ref. [15|, the derivative 
and the external gauge fields £^ and TZ^ are counted as 
0{p), while the external source fields x (or x) is counted 
as 0{p^) since the VEV of x is the square of the pseu- 
doscalar meson mass, (x) — m^: 



X ~ 0{p 



2\ 



0{p) 



(A6) 



For consistency of the covariant derivative shown in 
Eq. (2.4) we assign 0{p) to V^ = gp^: 



V^ = gp^ ^ 0{p) 



(A7) 



The above counting rules are the same as those in the 
ChPT. An essential difference between the order count- 
ing in the HLS and that in the ChPT is in the count- 
ing rule for the vector meson mass. In an extension of 
the ChPT (see, e.g., Ref. |21|) the vector meson mass 
is counted as C(l) at the scale below the vector meson 
mass. However, as discussed around Eq. (A2), we are 
performing the derivative expansion in the HLS by re- 
garding the vector meson as light. Thus, similarly to the 
square of the pseudoscalar meson mass, we assign 0(j?) 
to the square of the vector meson mass: 



ra. 



a'Fl 



o(/ 



(A8) 



Since the vector meson mass becomes small in the limit 
of small HLS gauge coupling, we should assign 0{p) to 
the HLS gauge coupling g, not to F„: 



9 - 0{p) 



(A9) 



This is the most important part in the countin g ru les in 
the HLS. By comparing the order for g in Eq. (A9) with 
that for 5Pp in Eq. (A7), the p^ field should be counted 
as 0(1). Then the kinetic term of the HLS gauge boson 
is counted as 0{p^) which is of the same order as the 
kinetic term of the pseudoscalar meson. 

With the above counting rules the leading order La- 
grangian is given by M^]^^ 



C,2)=F^ti-[c 



F^tr 



-^tr[VFn + J^xt4x + X^] , (AlO) 

where as discussed above we rescaled the vector meson 
field as 



Vf^ = gpp. 



(All) 



F^ in the fourth term in Eq. (LA1(J), which was absent in 



the previous analysis done in Ref. |11[| , was introduced to 
renormalize the quadratically divergent correction to the 
fourth term. We note that this F^ agrees with F^ at the 



tree level. In the present analysis we will not consider 
the renormalization effect of F^ . 

A complete list of the Ofgf) Lagrangian for the 
SU(iV/) case is shown in Ref. ]1^, where use was made 
of the equations of motion 



i^M^l- 



-i(a- 1) [d||^, a'l] 



+ 



I Pi f ^ .+ 1 



and the identities 



X - X^ - TT tr [X - Xl + 0(/) , (A12) 



= J [d||^ , a^i] + i [ax^ , a||^] - A^u , 



(A13) 

(A14) 



(A15) 



= i [d||^ , a\\i,] + i [d±^ , a^^,] + V^^ - V^,i, . (A16) 

Below we write the 0{p^) terms listed in Ref. ||ll|] for the 
reader's convenience: 

'C(4)y = Vl tr [d±pQ:^d±,.Q:l] + 1/2 tr [d^^d^jya^Q:'^] 



yatr 
ystr 
yztr 



a||pQ!||a||i,a|| 
d^pd^diij.dj'i 



d±pdx^d||d||' 



+ 2/8 |tr 
+ 2/9tr 



d_L^d||'d_L,yd|| 



Upaili/a^ail 



y4tr 
t-2/6tr 

+ tr 



!||^a||j,a||a|| 
d±pdxixd|^d|[ 



d±pd||yd';j_d||' 



+ 2/10 (tr [d_L^d^]) + yii tr [d_L^d±i.] tr [d1;d'[] 
, 2 



2/12 (^tr 



"11 „a' 



Ia'"!! 



+ yi4 tr [dj_^d'[] tr 
+ 2/15 tr [di^dx,.] tr 

+ 2/16 [tr 



2/i3tr [d||^d||^] tr 
d||,,d|| 






a|7a|| 



^Xai"!! 



2/18 tr [dipd||^] 
Fl 



ynir [d^^dn^] tr 






tr 






^(4)«, = ^fi tI tr [d_Lpd'[ (x + x"^)] 
+ W2 T^ tr [d_L^d^] tr [x + X^] 



F2 

J- ^ 

+ «^3T|tr 
+ w;4;^tr 



ailuay (X + X' 



"IIm^ii 



tr [x + X^] 



+ ^6T|tr 

+ ^8 tI tr 
£(4)^ = zi tr 



^4 

(X + X^)' +w'7T|(tr[x + x1)' 



x-x' 



F" 

^9T|(tr[x-x1) , 



Vu.V^'^ 



23 tr 



Vu.l^^'- 



+ iz4tr [y^i/d 
+ izg tr 
+ zzg tr 



V^^d'[d'[ 



+ 2:2 tr 

f JZ5 tr 
+ ZZ7 tr 



F4 



V^^d|[d|| 
Vp^dji'dfi 



^ 



M^ ("± 






(A17) 



We note here that among those given in Eq. ( A17 ) only 
zi, Z2 and Z3 are relevant to the present analysis which 
is confined to the two-point functions in the chiral sym- 
metric limit. 

In section ^ we discussed the low energy parameters 
Lg and Lio of the ChPT defined in Ref. ^. Below we 
shall list the Oip^) terms in the ChPT for the reader's 
convenience: 

£CfT = Li(tr[V,C/tV^C/])' 

-|-L2tr[V^[/tV,.C/]tr [V^C/^VC/] 
-I- L3 tr [V^C/t V^C/V^C/^VC/] 
+ Li tr [V^C/t V^C/] tr [x^U + xU^] 
+ L5 tr [V^C/t V^C/ {x^U + C/tx)] 
+ L6 (tr[x^t/ + xC/t])' 

-fL7(tr[x^C/-xC/1)' 

-Hi8tr[x^t/x^t/ + xC/^xC/1 

- i Lg tr [r^^v^c/V'c/t + 7^^^V^C/tV''C/] 

-hLlotr[C/t£^^C/7^^^] 

+ Fi tr [£^,£'^" + 7^^.7^^1 

+ iJ2tr[x^x] , (A18) 

where £^j, and 7?.^i/ are the field strengths of the exter- 
nal gaug e fields £^ and 7?.^, respectively, \ is defined in 
Eq. 



I), and U is defined as [see Eq. (|2.2| )] 



(A19) 



The coyariant derivative acting on U is defined as [see 
Eq. ©] 



Vf,U = df,-iCf,U + iUnf, 



(A20) 



Here we note that the above expression in Eq. (AI8) is 
valid for Nf — 3, and for Nf > 4 there is an extra term 
given by 



F^ 



a±pd|[ 



±m) (x-x^) 



tr [V^C/V^C/^V^C/Vt/^] . 



(A21) 



The relations at the tree level between the parame- 
ters in the ChPT and those in the HLS are obtained by 
integrating out the p field with the vector meson mass 
regarded as 0(1). [This implies that the HLS gauge cou- 
pling g i s reg arded as 0(1).] In this case the equation of 
motion ( A14 ) leads to 



1 



Ctn 



0{p') 



and, thus, 



V„. 






Furthermore, we have 



a±ti 



la-vc/.c^^l^R-vt/t.^, 



2i 



t.ft 



(A22) 



(A23) 



(A24) 



and 



tr 



tr 



V^.V^'' 






- itr [c/t/:^,c/7^^,] 
+ itr [c/t/:^,c/7^^,] 



(A25) 



wher e we used Eq. (|3.3| ) with Eq. (|A19|) . By substituting 
Eq. (A24) into the HLS Lagrangian, the fir st an d fourth 
terms in the leading order HLS Lagrangian ( AlO ) become 
the leading order ChPT Lagrangian: 



-ChPT 

-(2) 



f: 



F^ 



-ftr [V^UW^U] + -fti [xU^ + x^U] , 



(A26) 

wher e we took F^ = Ft^. In addition, the second term in 
Eq. (|A10D with Eq. ( |A2^ ) substituted becomes of 0(/) 



in the ChPT and the third te rm (t he kinetic term of the 



HLS gauge boson) with Eq. (A23) beco mes o f 0{p ) in 



the ChPT. In the £>(/) HLS Lagrangian ( |A17|) the terms 
including a'^^ become of higher order in the ChPT. The 
remaining terms together with the kineti c ter m of the 
HLS gauge boson [the third term in Eq. ( [AlOJ )] become 
the 0{p'^) ChPT Lagrangian. Below, we list the corre- 
spondence between the parameters in the HLS and the 
0{p'^) ChPT parameters at the tree level for Nf = 3: 



Li 

L2 



t^3V^32^'"^16^'° 



1 



tree IQg^ 16 



1 1 

2 + —y2 + —2/11 , 



16' 



tree 16g^ 16 

Li ^=> -W2 , 
tree 4 



3 1 1 



tree 4 

L 

Lj 



17' ee 



tree 

tree 4 \ (jr^ / 8 

11/ 

Lio f=^-Y^ + T;iz3-Z2 + zi) , 

tree 4g 2 

Hi f=^ -^-^ + 7 (23 + Z2 + zi) , 

tree Hg^ 4 

i/2^=^2(w6 -Ws) , 
tree 



(A27) 



where we took F^ — F^^. It should be noticed that the 
above relations are valid at the tree level. As discussed 
in Rcf. [Q we have to relate these at the one-loop level 
where finite order corrections appear in several relations: 
The relation between Liq and the parameters in the HLS 



becomes Eq. (6.2) by adding finite order correctio ns. [W e 
will derive this finite order correction later in Eq. (C26).] 
On the other hand, there is no substantial finite order 
correction t o th e relation for Lg. Moreover, as discussed 
above Eq. ( |6.3| ) a detailed analysis |lj| using a similar 
model pM does not require the existence of a higher 
derivative type Z4 term as well as a zq term. Hence we 
neglect ed t he z^ and ze terms and obtained the relation 
in Eq. (0). 



APPENDIX B: BACKGROUND GAUGE FIELD 
METHOD 

We adopt the background gauge field method to obtain 
quantum corrections to the parameters. (For calculations 
in other gauges, see Ref. [|lO| for the i?^-like gauge and 
Ref. [g5[ for the covariant gauge.) This appendix is a 
preparation to calculate the renormalization group equa- 
tions in Appendix O. The background field method was 
used in the ChPT in Rcf. [|l3|, and was applied to the 
HLS in Ref. ^. _Following Rcf. [0 we introduce the 
background fields ^l ^^.^ ?r ^^ 



Cl,r — Cl,rCl,r 1 



(Bl) 



where ^l,r denote the quantum fields. It is convenient 
to write 

f L = Cs • 'Cp , ^R = & • Cp : 

|p = exp [z <^^TJ , & = exp [z ^^T,] , (B2) 

with (^TT and (fa- being the quantum fields corresponding 
to the NG boson tt and the would-be NG boson a. The 
background field y^ and the quantum field v^ of the HLS 
gauge boson are introduced as 



V^ = Vf,+ gVf, . 



(B3) 



We use the following notation for the background fields 
including Jl,r: 



A,^ 


1 
2i 


9p^L • ^L - C^p^R • ^R 




1 


^L-^mCl ~ ^K^l^^K 


Vm^ 


1 


d 


mCl • ?L + 5/.?R • ?R 



^L-^M^L + ^R^/^Cr 



(B4) 



which correspond to aj^^ and aiu+VJj, respectively. The 
field strengths of A^, and V^ are defined as 



Vu. = d.V, - d,V, 



[V^ , V^] - i [A^ , A] , 



which correspond to V^^ and A^^ , respectively. In addi- 
tion we use X for the background field corresponding to 



X^2B^^{S + iP)^ 



(B6) 



It should be noticed that the quantum fields as well 
as the background fields ^j^ l transform homogeneously 
under the background gauge transformation, while the 
background gauge field V ^ transforms inhomogeneously: 

?R,L -^ HxKr,l9r..l ' 

Vf, -^ hixWf.h^x) + ih{x) ■ d^,h\x) , 

(Pt, -> h(x)(p^h\x) , 

(fa — > h{x)(fah\x) , 

w^ ^ h{x)v,,h\x) . (B7) 



Now, the complete 0{p'^) Lagrangian £(2) +'Cgf + 'Cfp 
is expanded in terms of the quantum fields (Ptt, f>(nV and 
C. The terms which do not include the quantum fields 
are nothing but the original 0{p'^) Lagrangian with the 
fields replaced by the corresponding background fields. 
The terms which are of first order in the quantum fields 
lead to the equations of motions for the background 
fields: 



Df.A'^ ^~i{a-l) 



V^ ~V^,A' 



+ 7S(x-xt-l^tr[x-xt])+0(/), (Bll) 



4F2 



Nf 



dJv^-v'') =o(p^), 



D 



■,V''''^g'F'a[r-V'')+Oip^) 



(B12) 
(B13) 



which correspond to Eqs. ( |A12| ), jAiaf ) and ( |A14| ), re- 
spectively. 

To write down the terms which are of quadratic order 
in the quantum fields in a compact and unified way, let 
us define the following "connections" : 



r(""^ = ztr 

fj,,ao 






(2 -a)V^ + aV^ [T, , U] 






-wa tr 



rS ^ -^Vitr 



r^:;^). -2.tr 






r,al3 



(B14) 

(B15) 

(B16) 
(B17) 
(B18) 



Thus, the expansion of the Lagrangian in terms of the 
quantum field does not violate the HLS of the background 
field F^ 0. 

We adopt the background gauge fixing in 't Hooft- 
Feynman gauge. 



£qf = -tr 



(^D'^v^+gF^^^y 



(B8) 



Here one might doubt the minus sign in front of r)^ ° '' 

compared with F^ ' {S — tt,ij). However, since g°'^ — 
—Sap for a = 1, 2, 3, the minus sign is the correct one. 
Correspondingly, we should use an unconventional metric 
~9af3 to change the upper indices to the lower ones: 



r ^^) = Vf-o ,)F ^^°' 



iVa,>Vf,) 



(B19) 



where D^ is the covariant derivative on the background 
field: 



D'^Vr. = d^v. 



r\v. 



(B9) 



The Faddeev-Popov (FP) ghost term associated with the 
gauge fixing (B8) is 



>Cfp = 2i tr 



C[D'^D^ + {gFaY\C 



(BIO) 



where the ellipsis stands for interaction terms of the dy- 
namical fields (fTT, (prj, and v^ and the FP ghosts. 



Further we define the following quantities corresponding 
to the "mass" part: 



( )^_4-3a 

ab n 



-^ 1 ^ a 



-tr 



F2 

H ^tr 

2F2 






v'' - y^ , Ta 



^{crcr) 



1 



■tr 



V^ - y^ Ta 



(B20) 



[v^ ~ V, , n\ 



tr 



-^ 1 -'a 



[34^ , n] 



(B21) 



^17'' =«Vatr 



i?^^^ [Ta , Tfc] 



+ 2^^'' 



[■^/j I -^aj 



v"-r\r, 






U^,-V,,T,] 



-4^T6 



^ab 



-4itr 



1^"'' [r„ , n] 



e!,:^"^ = 2mgF^ tr 



''ab 



^ [Ta , T,: 



^afc — 



.('^V'^i) _ 



.(V„<t) _ 



—2iagFT^ tr 



X [T, , Tf,; 



2i5rFfftr 



-2igF^tr 



v" - y") [T, , n] 



-a ttCk 



V -^" [T,,T,] 



where 

M^ = 2BM , 
with the quark mass matrix M being defined in Eq. 



Here by using the equation of motion in Eq. (Bll), 2)^'^ 
is rewritten as 



(B22) 

(B23) 

(B24) 

(B25) 
(B26) 

(B27) 
(B28) 

(B29) 



^(■rra) 



K7'=Ml-a)tr 



A,,V'-V' 



[Ta , n 



-I- ^tr 

4 F2 



-\/atv 



{x-t)[Ta.% 



v"" -v"" , n 



1--I Vatr 



[V^ - y^ , Ta] 



A\n 



(B30) 



To achieve more unified treatment let us introduce the 
following quantum fields: 

^A ^ in'' , ^" , ^) ^ {Frr^. , F^ip^ , Z) , (B31) 

where the lower an d up per indices of $ should be distin- 
guished as in Eq. ( B19| ). Thus the metric acting on the 
indices of $ is defined by 



n 



Sab 
AB _ I ST 

Oab 



-^"Sab 



Vb — 



VAB 



Sab 



Sab 



Sab 



Sab 



g^Sab 



-QapSab 



(B32) 



The tree mass matrix is defined by 

M^r^aSab 



M 



AB 



MUa 



yOab _ I , (B33) 

g'^'^M^Sab 

where My = g^F^, and the pseudoscalar meson mass 
M7r,a is defined by 



F2 
MlJab = ^tr M^ {Ta , Tt} 



(B34) 



Here the generator Ta is defined in such a way that the 
above masses are diagonalized when we introduce the ex- 
plicit chiral symmetry breaking due to the current quark 
masses. It should be noticed that we work in the chiral 
limit in this paper, so that we take 



Mtt = or Af^,a = 
Let us further define 





r, 



AB 



/ pCiTT) p(7rcr) 



" fi.ab fi.ab 

-p(cr7r) p((T(T) 

fi,ab fi^ab 

V or 





fj,,ab 



and 



s^^ = 



D, 



y,(7r7r) vCtTCt) y,{TTV^) 

ab ab ab 

y,(cr7T) Y'(°'°'^ yj^'^^p) 

ab ab ab 

y,(y„7r) y,(y„(T) UV^Vf,) 

ab ab ab 



AB 



V 



^'d, + (f ,) 



AB 



(B35) 



(B36) 



(B37) 



(B38) 



It is convenient to consider the FP ghost contribution 
separately. For the FP ghost part we define similar quan- 
tities: 



r'^*?^ =2itr 



v^ [Ta , n] 



(5.) 



D.,]'^^^'^ ^Sabd.+T):^^::,' , 



-.(CC) 



(B39) 

(B40) 

(B41) 

By using the above quantities the terms quadratic in 
terms of the quantum fields in the total Lagrangian are 
rewritten as 

.(2) 



A^i^'^) ^ SabM^ 



i^ ld^x^A\(D^-b 



A,B' 

,,6 



AB .—^ 
Ml _^^AB^^AB 



$f 



+ * 2^ / d^x c 



{CC) 



M 



{CC) 



where 



AB .^ ^AA' 



Ma^ ' 



(CC) 



{CO /^ -^{cc) 
Ml 



C'' , (B42) 

(B43) 
(B44) 



APPENDIX C: RENORMALIZATION GROUP 
EQUATIONS 

In this appendix, we show the detailed derivation of 
the RGB's for F^r, F^ (and a = F^/F^), g, zi, z^ and Z3 
for the reader's convenience. These RGB's are derived 
by calculating the divergent corrections at one loop to 
the two-point functions of the background fields, .4^, V^ 
and V^. Note that the RGB's for F^, a = F^/F^ and 



without quadratic divergences were obtained in Ref. pOl 
Note also that the RGB's for F-^ and a with quadratic 
divergences were derived in Ref. [gj, and the RGB's for 
zi, Z2 and Z3 were in Ref. [O . 

In the present analysis it is important to include 
quadratic divergences to obtain RGB's in the Wilsonian 
sense. Since a naive momentum cutoff violates chiral 
symmetry, we need a careful treatment of the quadratic 
divergences. Thus we adopt dimensional regularization 
and identify quadratic divergences with the presence of 
poles of ultraviolet origin at n = 2 . This can be done 
by the following replacement in the Feynman integrals: 



d"k 



1 



A2 



z(27r)" 
d"fc 



-/s2 (47r)2 



fv^fvi, 



A2 



i{2t:)" [_fc2i 



2(47r) 



T9tJ.i> 



(CI) 



On the other hand, the logarithmic divergence is identi- 
fied with the pole at n = 4. The same result as that after 
the replacements Eq. (CI) can also be obtained in the 
heat kernel expansion with the proper time regulariza- 
tion in which the physical interpretation of the quadratic 
divergence is more explicit with A having the same mean- 
ing as the naive cutoff. 



^^""{P) 



div ^ 2(47r)2 



-aK' 



1 



aMt, InA-^ 



A"'r,2 _ ^M^''^ ^f ° \^ ^\2 



5'^ F 



p'-p' 



[{c)tiv I 



n^'ip) 



2(47r)2 6 



div ^ 2(47r)2 



[2(a - 1)A2 



(C2) 



The divergences in Bq. (p2) are renormalized by the bare 
parameters in the Lagrangian. The tree level contribu- 
tion with the bare parameters is given by 



n^'^'^p') = Fl^ 



2 u^ 

arc .y 



222, b. 



arc \P g — P P j 



(C3) 



Thus the renormalization is done by requiring that the 
foUowings be finite: 



F-" 



Z2,ha 



Nf 



[2(2-a)A2-|-3aV^^lnA2 



4(47r)2 
— (finite) , 

^/ 4lnA2 = (finite) 



2(47r)2 12 



(C4) 



The above renormalizations lead to the following RGB's 
for Ftt [the first e quat ion in Bqs. (3.1)] and 22 [the second 
equation in Bqs. (3.4)]: 



dF^ 



dn 2(47r)2 
dz2 Nf a 



^ [3aV^^ + 2(2 "^■■2^ 



a)^J. 



dn (47r)2 12 ' 
where fi is the renormalization scale. 



(C5) 
(C6) 



it 



"s/xA/^P^iAyvx^ 



(a) 



(b) 



(c) 



FIG. 1. One-loop corrections to the two-point function 
A^-A,^. The vertex with a dot (•) implies the derivatives 
acting on the quantum fields, while that with a circle (o) im- 
plies no derivatives are included: The vertices in (a) are from 
E^j^"' and S^^"'"' in Eqs. (p25|) and (p2^); the vertices in 



-^{awj 



(b) are from r^""^' and V'-^^^ ^ Eqs. {§1§ and ( |B17[ ) 



to- 



gether with the derivatives acting on the quantum fields ; the 



vertex in (c) is from the first term of S^'Jj'^ in Eq. ( B2C ) and 

Let us start from the one-loop corrections to the two- 
point function A^^-Au- The relevant diagrams are shown 
in Fig. |l|. The divergent contributions of these diagrams 
are evaluated as 



n: 



(a)/ii' 



{P) 



Nf 
= qM'' — L_ 

div ^ 2(4^)2 



[-2aM^ InA^] 



(a) 



(b) 



(c) 



(d) 



FIG. 2. One-loop corrections to the two-point function 



Vfi-Vi^. The vertices in (a) are from E 



(<^v>) 



and E 



(V„<t) 
ab 



Eqs. ([B27J) and (B28); the vertices in (b) are from r\^^l 



in Eq. (p315h together with derivatives acting on the quan- 



i(7r7r) 



tum fields; the vertices in (c) are from r ^ in Eq. (B14) 
together with derivatives acting on the quantum fields : the 
vertex in (d) is from the second term of EJ^^'^' in Eq. (p2d) 



Next we calculate one-loop corrections to the two-point 
function V^-Vjy. The relevant diagrams are shown in 
Fig. 0. The divergent contributions are evaluated as 



vv ^^' 



vv ^^' 



^9^" 



N 



/ 



-,^^ 



div 



2(47r)2 

Nf 
2(4^ 



[-2aM^ InA^] , 



-A2 



1 



Ml InA^ 



10 



(^'y'~p'pn^r2'^^' 



vv ^^^ 



-7/^^ 



div 



2(47r) 



i2-af 



A^ 



(5^>2 _ pMp-) J^ ^^-^^ In A2 



2(47r)2 12 



vv ^^' 



div 



5 



/J-I> 



N 



2(47r) 



f-^[-2(a-l)A2] . (C7) 



Similarly to the A^-Au two-point function, we require 
that the following quantities be finite: 



Fi 



ZlMa 



Nf 



[{l + a'^)K^+iag'^Fl\nK^ 



4(47r)2 
= (finite) , 
Nf 5 - 4a + a^ 



2(47r) 



12 



lnA2 = (finite) . (C8) 



The above renormalizations lead to the f ollow ing RGE's 
for Fa and zi [the first equation in Eqs. (3.4)]: 



TV. 



/ 



dFl_ 

d^l 2(47r)2 
dzi _ Nf 5 - 4a + a^ 
IJI " (47r)2 



[3ag^F^ + {l + a')fi^] 



24 



(C9) 
(CIO) 



The RGE for a = F^/F^ [the second equation in 
Eqs. ( 3.1)] is derived from the RGE's for Fa- and F^ given 



in EqsTT^ and (|Cg): 
da 



%--^(«-l) 



3a(a + l)g^- (3a - 1) 



F2 



-(5^V-P>") ^^ ^ ^"'' 



ni^^'^b) 



VV 



lj,iy 



2(47r)2 12 



TVf 



lnA2 



div 



2(47r) 



-A^ 



(.-.^-p>12(SfS^^^^ 



(C12) 




c 





(d) 



(e) 



a 

(f) 



(g) 



FIG. 3. One-loop corrections to the two-point function 



Vu-Vv. The vertices in (a) are from E 



fj,,ab 



in Eq. ( |B24| ) 



in Eq. (B18) together with derivatives act- 



and r 

ing on the quantum fields; the vertices in (b) are from 

E^^'^^'"' and E^^"""' in Eqs. ( p27| ) and ( p28| ); the vertices 



■.(CC) 



in (c) are from F ^^ in Eq. (p39|) together with deriva- 
tives acting on the quantum fields; the vertex in (d) is 



from E^r°'''^' and ^^ _ r'^" 



ab Z-^c,'y /J,,V'y),ac cb 

is from y" rL'Ta^r;:/' 



l,ac r^6 ' ^he vertices in (f) are from T^^^^l 
in Eq. (p315|) together with derivatives acting on the quantum 



(tit) 



(Cll) fields; the vertices in (g) are from T ^l in Eq. (B14) together 



with derivatives acting on the quantum fields. 



where C = 7V//[2(47r)2]. 

Now, we calculate the one-loop correction to the two- 
point function V fj_-V^. The relevant diagrams are shown 
in Fig. g. These are evaluated as 



vv ^^' 



div 



-g""" 



Nf 



2(47r) 



-4A2 + 8M^ InA^] 



+ (ff^V -P>") J^? lnA2 



vv ^^' 
vv ^^' 



2(47r)2 3 
Nf 



div ^ 2(47r)2 
„., Nf 



2(47r)' 



[-2M^ hiA^] , 
[4A2-4M^ InA^] 



+ (ff^V -P>") TTTT^^lnA' , 



2(47r)2 3 



j(d)^i/^ 
VV 



Ti^'ip) 



vv ^^' 



VV ^ 



^^^..<^^[4A2_8M^lnA2], 
^^[-4A2 + 4M2 inA^] 



div ^ 2(4^)2 



vv ^^' 



r,M^ 



iV^ 



div 



2(47r) 



2 2 ^ 



Summing up the contributions in Eq. ( C12| ), we obtain 
the following divergent contribution: 



n. 



(l-loop)/j.i/ 



VV 



(p) 



Nf 



4(47r)2 
2(47r)2 12 



[{l + a^)K^+?,ag''Fl\n^^]g^"' 



Nf 87 - a2 



lnA2(p2gM^_pMp>' 



(C13) 



On the other hand, the tree contribution is given by 



1 



vv ^^ ' -^cr.barcy 2 

Wba 



(p2gM^_p>-) 



(C14) 



The first term in Eq. (CIS) which is proportional to g^'^ 
is renormalized by f Ji^arc through the requirement in 
Eq. (|C8|). The second term in Eq. ( |C13| ) is renormalized 
by 5barc through 



Nf 87 - a2 



2(47r)2 



12 



InA^ = (finite) 



(C15) 
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This renormalization leads to t he following RGE for g 
[the third equation in Eqs. (3.1)]: 



M- 



Nf 87 ~a^ 4 



dn 2(47r)2 6 



g 



(C16) 



The tree contribution is given by 



f(trcc)/ii// 2\ _ 






2 au 

arc a 



+ 2z3.barc(pV"-P>'') 



(C19) 



v 



a 



V 

(a) 



=K 



<3 

a 

(b) 



5t 

(c) 



The first term in Eq. (|C18| ) which is proportional to g^ 



is renormalized by i^^^are through the requirement in 
Eq. (|C8|). The second term in Eq. ( |C18| ) is renormalized 
by Z3,bare tlirough 



Nf 



^3,ba 



2(47r)2 



1 + 2a - a^ 
12 



lnA2 = (finite) . (C20) 



n 



This leads to [the third equation in Eqs. (3.4)] 



(d) (e) 

FIG. 4. One-loop corrections to the two-point function 
Vp,-Vv. The vertices in (a) are from E^^ '^ and Tc,^"'" in 



Eqs. ([B27|) and (B28); the vertices in (b) are from Fj^'^^j; 



in Eq. (|B15h together with derivatives acting on the quan- 



tum fields; the vertices in (c) are from Tv^'^l in Eq. (B14) 



together with derivatives acting on the quantum fields ; the 
vertex in (d) is from the second term of '^)^-J in Eq. (B2C) 
and ^ r^'^acT^^ ; the vertex in (e) is from the second term 



of Ei7' in Eq. (B21) and Y^jTalV 



-,(CT(T)p/^.(0-0-) 

- cb 



dZ3 



Nf 1 + 2a - a^ 



d^l (47r)2 



12 



(C21) 



To summarize, Eqs. (C5), (Cll) and ( C16| ) a re th e 
RGB's for F^,a and g shown in Eq. (|d|), and Eqs. ( |C10[ ), 
and ( |C2l| ) are the RGE's for zi, z^ and Z3 shown in 



Eq. ( 13.41) . 

Below the rfip scale, p decouples and hence Ft^ runs by 
the loop effect of tt alone. The relevant Lagrang ian w ith 
least derivatives is given by the first term of Eq. ( A26 ) [or 
equivalently, the first term of Eq. (pTsh] , and the diagram 
contributing to F"^ is shown in Fig. Mc). The resultant 
RGE for F-p; is given by 



We also calculate the one-loop correction to the two- 
point function V ^-V v to determine the renormalization 
of 2:3. The relevant diagrams are shown in Fig. ^. The 
divergent contributions are evaluated as 



VV ^^' 



VV ^^' 



Nf 



div 



a'^'^^i^^v^^^'] 



= gM^ 



N 



f 



div - 2(47r)2 



_iA2 + -A^2 inA^ 



Nf 1 
2(47r)2 12 



lnA2, 



VV ^^' 



- _.M- ^/ «(2-a) ^^2 



-9'^ 



2(47r)2 



(g/^v-p/^p^) ^,^/.„°(^^:")inA2 



j(d)M'^/' 
VV 



VV ^^' 



VV ^^' 



Thus 



div ^ 2(47r)2 

Nf 
div ^ 2(47r)2 



2(47r)2 12 

Nf 



[A2-2M^ lnA2 



n, 



(l-loop)/ii/ 
'VV 

Nf 



ip) 



div 



fiiy 



4(4^[(l + «^)A^ + 3a5^F2lnA2]g 
^^ ^ + '°~"' lnA^(pV-~pV) 



2(47r) 



12 



(C17) 



(C18) 



dp, 



pM 



2N^ 



(47r)2 



{p < nip) . 



(C22) 



Unlike the parameters renormalized in a mass indepen- 
dent scheme, the parameter F.^{p) {p < nip) does not 
smoothly connect to F^(/i) {p > nip) at the nip scale. 
We need to include the effect of finite renormalization. 
This is evaluated by taking quadratic divergence propor- 



tional to a in E q. (|Cz 
to the relation (p^JE 



) and replacing A by mp . This leads 



FW(m,)l ^F^inip) + 



Nf ajnip) 
(47r)2 2 ' 



(C23) 



where Ft^^' (p) runs by the loop effect of n alone for p < 
nip. 

Finally, let us show the finite correction to the relation 
for Lio given in Eq. (6^). This is evaluated from the 
finite part of the g^'' part of the Ap,-Au two-point func- 
tion. [Here the g^'' part of the Ap-Au two-point function 
is defined by n^(p^) = ^n^(p).] From Fig. |I| we 
obtain 



^^{P) - -NfaMlBoip'^M^.Q) , 



where 



Nf-[BAip^;M,,0) 
Nf{a~l)Ao{0) , 



AoiM^ 



An 



(C24) 



12 



BA{p^;M,m) 



dJ'k 



1 



i(27r)" M2 - /c2 ' 

d"fc 1 

i(27r)" [M2 - fc2] [m2 - (fc - pf] ' 



(Af2 



?Ti 



2\2 



[Bo(p2;Af,m)-Bo(0;M,m)] . (C25) 



According to the analysis in Ref. |ll|, the 0{p^) part of 

na^oop)L(^,) ^ nlf^^p2) + n^^^b^) + nj^^b^) gives 



a finite order correction to Liq as 



1 ^ ^(l-loop)L, 2n 

4 dp2''XA ^^ ^ 



p2=0 



Nf 11a 



(C26) 



which is the last term in Eq. (6.2) 
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